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Clifford circuits play an important role in quantum computation. Gottesman and Chuang proposed a gate
teleportation protocol so that a quantum circuit can be implemented by the teleportation circuit with specific
ancillary qubits. In particular, an n-qubit Clifford circuit U can be implemented by preparing an ancillary
stabilizer state (I ⊗ U)∣Φ+⟩⊗n for teleportation and doing a Pauli correction conditioned on the measurement.
In this paper, we provide an alternative procedure to implement a Clifford circuit through Pauli measurements,
by preparing O(1) ancillas that are Calderbank-Shor-Steane (CSS) stabilizer states. That is to say, O(1) CSS
states are sufficient to implement any Clifford circuit. As an application to fault-tolerant quantum computation,
any Clifford circuit can be implemented by O(1) steps of Steane syndrome extraction if clean CSS stabilizer
states are available.
I. INTRODUCTION
In quantum information and computation, the class of sta-
bilizer circuits can be efficiently simulated by classical com-
puters [1] using the stabilizer formalism [2]. Stabilizer cir-
cuits are composed solely of Hadamard (H), Phase (P), and
controlled-NOT (CNOT) gates, defined as
H = 1√
2
( 1 1
1 −1 ) , P = ( 1 00 i ) , CNOT = ⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
⎞⎟⎟⎠ ,
and single-qubit Pauli measurements. A stabilizer circuit is
called a Clifford circuit if it contains no measurements, and
Hadamard, Phase, and CNOT gates are called Clifford gates.
It is known that the Clifford gates, together with any non-
Clifford gate, form a universal set for quantum computa-
tion [3]. Stabilizer circuits are especially important in fault-
tolerant quantum computation (FTQC) for encoding, decod-
ing, and error correction circuits [4–7], along with other ap-
plications, such as evaluation of the average gate fidelity via
randomized benchmarking [8, 9], and efficient quantum sim-
ulations [10–14].
It is well known that any n-qubit (unitary) quantum circuit
U of a certain level of the Clifford hierarchy can be imple-
mented by gate teleportation [15], which requires a 2n-qubit
ancilla state
∣ΦnU ⟩ = I ⊗U ( ∣00⟩ + ∣11⟩√
2
)⊗n , (1)
and is performed by a single step of Bell basis measurements
followed by a controlled-correction circuit at a lower level of
the Clifford hierarchy. For a Clifford circuitU , ∣ΦnU ⟩ is a stabi-
lizer state, which is a joint-(+1) eigenvector of 2n commuting
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Pauli operators, called stabilizer generators. The controlled-
correction is simply a Pauli operator. Thus, the complexity
of a Clifford circuit is dominated by the preparation of ∣ΦnU ⟩,
which can be prepared by measuring the stabilizer generators
on n EPR pairs (up to a Pauli correction).
At first sight, it seems as difficult to prepare such an an-
cilla state as to directly implement the circuit. However, in
the case of FTQC, it is possibly easier to prepare specific
known states for gate teleportation than to do gate opera-
tions on unknown states. One important example is the magic
state distillation for the fault-tolerant implementation of non-
Clifford gates [16, 17]. In some cases, it may even be im-
possible to do gate operations directly on the qubits. For ex-
ample, for a FTQC scheme using multi-qubit quantum error-
correcting codes [18–20], typically, its fault-tolerant logical
Clifford gates, if they exist, are computationally difficult to
find. Therefore we would like to investigate the implementa-
tion of stabilizer circuits by variants of gate teleportation in
FTQC.
Consider an n-qubit Clifford circuit U . Previously, Gottes-
man and Chuang showed that the ancillary state ∣ΦnU ⟩ can
be fault-tolerantly prepared by a sequence of O(n) fault-
tolerant Pauli operator measurements, with error correction
and verification inserted between each two consecutive mea-
surements [15]. This preparation is passive in that most of the
procedure is error detection. We will show that to implement a
Clifford circuit, it suffices to do O(1) gate teleportations with
(clean) ancillas that are Calderbank-Shor-Steane (CSS) stabi-
lizer states (up to single-qubit Clifford gate operations), and
hence can be fault-tolerantly prepared [21, 22]. (A CSS state
is defined by a set of stabilizer generators, each of which can
be chosen to be the tensor product of identity and either X or
Z Pauli operators.) These ancilla states are thus equivalent to
two-colorable graph states [23].
Our idea is motivated by Clifford circuit synthesis [24, 25].
Aaronson and Gottesman showed that any Clifford circuit is
equivalent to a circuit that contains 11 stages of computation
in the sequence -H-C-P-C-P-C-H-P-C-P-C- [24], where -H-
, -P-, and -C- stand for stages composed of only Hadamard,
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2Phase, and CNOT gates, respectively [26]. Recently, Maslov
and Roetteler found that a Clifford circuit can be decomposed
as a 9-stage sequence -C-P-C-P-H-P-C-P-C- [25]. Therefore,
it suffices to implement each of the -H-, -P-, and -C- stages
of the 11-stage or 9-state sequence for a Clifford circuit. In
FTQC, it is straightforward to combine Knill syndrome ex-
traction [27] with gate teleportation [15], and clearly ∣ΦnU ⟩,
where U is a -H-, -P-, or -C- circuit, is a CSS state up to
single-qubit Clifford operations. Consequently, we can pre-
pare the ancilla states for the 9-stage or 11-stage sequence by
distillation [21, 22].
On the other hand, it is not so obvious how to com-
bine Steane syndrome extraction [28] with gate teleportation.
Since both Steane and Knill syndrome extraction have their
own advantages, we would like also to derive a constant-depth
gate teleportation procedure for Steane syndrome extraction.
For example, we remark that measurements of logical Pauli
operators can be implemented simultaneously with error cor-
rection in Steane syndrome extraction [28], and consequently
we can have stabilizer circuits implemented solely with Steane
syndrome extraction. Moreover, Steane syndrome measure-
ments may lead to higher thresholds for certain CSS codes. In
this paper, we can propose such a procedure for Steane syn-
drome extraction through a series of Pauli measurements that
implement the 9-stage sequence with the help of appropriate
ancilla states that are CSS states up to single-qubit Clifford
operations. Again, these states can be fault-tolerantly pre-
pared. We will discuss the procedure at the logical level:
the underlying quantum error-correcting codes can be either
single-qubit codes or multiple-qubit codes. If the underly-
ing FTQC scheme is based on multi-qubit quantum error-
correcting codes, we have a roughly constant resource over-
head [21, 22].
The paper is organized as follows. We review preliminary
material in Sec. II, including the stabilizer formalism and the
representation of Clifford circuits. In Sec. III, we propose a
method to measure arbitrary Pauli operators, and give condi-
tions when several Pauli operators can be measured simultane-
ously. In Sec. IV, we explicitly show how to perform Clifford
circuits via constant steps of Pauli measurements. Conclu-
sions and discussion of the method are presented in Sec. VI.
II. PRELIMINARIES
A. Stabilizer formalism
The Hilbert space of a single qubit is the two-dimensional
complex vector spaceC2 with an orthonormal basis {∣0⟩, ∣1⟩}.
The Hilbert space of N -qubit states is hence C2
N
. Let PN =P⊗N1 denote the N -fold Pauli group, whereP1 = {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ},
and X = ( 0 11 0 ), Z = ( 1 00 −1 ), and Y = iXZ are the Pauli
matrices. LetXj , Yj , andZj act as single-qubit Pauli matrices
on the jth qubit and trivially elsewhere. We also introduce the
notation Xa, for a = a1⋯aN ∈ ZN2 , to denote the operator⊗Nj=1Xaj and let supp(a) = {j ∶ aj = 1}. For a,b ∈ ZN2 ,
denote the intersection of supp(a) and supp(b) by Iab and
let τab = ∣Iab∣. An N -fold Pauli operator can be expressed as
il ⋅ N⊗
j=1XajZbj = ilXaZb, a,b ∈ ZN2 , l ∈ {0,1,2,3}. (2)
Then (a ∣b) is called the binary representation of the Pauli
operator ilXaZb up to an overall phase il. In particular,±iτabXaZb has eigenvalues ±1. From now on we use the
binary representation, and we may neglect the overall phase
for simplicity when there is no ambiguity.
For two Pauli operators (a ∣b) and (e ∣ f), one can define
their symplectic inner product:
(a ∣b)JN(e ∣ f)t = { 0, [XaZb,XeZf ] = 0,
1, {XaZb,XeZf} = 0,
where
JN = ( 0N ININ 0N ) ,
and IN and 0N are the identity and zero matrices of dimension
N , respectively. Here, M t denotes the transpose of M .
Consider a set of commuting Pauli operators {G1, . . . ,Gs}
that does not generate −I⊗N . These Pauli operators gener-
ate an Abelian subgroup (stabilizer group) G of PN , and thus
are called the stabilizer generators of G. Let S(G) denote the
2N−s-dimensional subspace of the N -qubit state space C2N
fixed by G, which is the joint-(+1) eigenspace of G1, . . . ,Gs.
Then for any ∣ψ⟩ ∈ S(G), one has
G∣ψ⟩ = ∣ψ⟩,
for all G ∈ G. (Note that the overall phase of any G ∈ G can be±1 only.)
A set of s commuting N -fold Pauli operators has a binary
representation as a matrix of the form:
(A∣B) = ⎛⎝ a1 b1⋮ ⋮as bs ⎞⎠ .
Definition 1 (Symplectic partner). For a set of s commuting
N -fold Pauli operators (A∣B), its symplectic partner (E∣F )
is a set of s commuting N -fold Pauli operators satisfying the
orthogonality relation with respect to the symplectic inner
product:
(A∣B)JN(E∣F )t = Is.
Note that if (A∣B) is of rank less than N , its symplectic
partner is not unique.
B. Clifford circuits
An N -qubit Clifford circuit can be represented by a 2N ×
2N binary matrix with respect to the basis of the binary rep-
resentation of Pauli operators in (2). For example, the idle cir-
cuit (no quantum gates) is represented by I2N , the 2N × 2N
3identity matrix. The representation of consecutive Clifford
circuits M1, . . . ,Mj is their binary matrix product M1⋯Mj .
The N -qubit Clifford circuits form a finite group, which,
up to overall phases, is isomorphic to the binary symplectic
matrix group defined as follows: [24]
Definition 2 (Symplectic group). The group of 2N ×2N sym-
plectic matrix over Z2 is defined as:
Sp(2N,Z2) ≡ {M ∈ GL(2N,Z2) ∶MJNM t = JN}
under matrix multiplication.
In general, M ∈ Sp(2N,Z2) has the form
M = ( Q R
S T
) , (3)
where Q, R, S and T are N × N square matrices satisfying
the following conditions:
QRt = RQt, ST t = TSt, QtT +RtS = IN . (4)
In other words, (Q∣R) is a symplectic partner of (S∣T ) by
Def. 1. Unlike Ref. [24], here we omit the column vector
that corresponds to the phases (±1 only) of the operators. If
needed, such overall phases can always be compensated by a
single layer of gates consisting solely of Z and X gates [29]
on some subsets of qubits [24, 25].
Let C(j, l) denote a CNOT gate with control qubit j and
target qubit l. The actions of appending a Hadamard, Phase,
or CNOT gate to a Clifford circuit M can be described as
follows:
1. A Hadamard gate on qubit j exchanges columns j and
N + j of M .
2. A Phase gate on qubit j adds column j to column N + j
(modulo 2) of M .
3. C(j, l) adds column j to column l (modulo 2) ofM and
adds column N + l to column N + j (modulo 2) of M .
Now, consider a 2k dimensional subspace S(G) of the N -
qubit space, where G has k ≤ N stabilizer generators. S(G)
encodes k “logical” qubits. We focus on the effects of Clif-
ford circuits on these logical qubits in the stabilizer formalism.
Consider a set of matrices CG of the form:
⎛⎜⎝
Q′ R′
S′ T ′
A B
⎞⎟⎠ . (5)
Here, (A∣B) corresponds to the stabilizer generators of G;(Q′∣R′) and (S′∣T ′) are k × 2N binary matrices orthogonal
to (A∣B) with respect to the symplectic inner product, and
which are symplectic partners of each other. They can be re-
garded as “logical operators” on S(G). We define the follow-
ing equivalence relation R in CG : Two matrices
C1 = ⎛⎜⎜⎝
Q′1 R′1
S′1 T ′1
A1 B1
⎞⎟⎟⎠ and C2 =
⎛⎜⎜⎝
Q′2 R′2
S′2 T ′2
A2 B2
⎞⎟⎟⎠ ,
are equivalent if (a) (A1∣B1) and (A2∣B2) generate the same
stabilizer group G; and (b) ⎛⎜⎝ Q′1 R′1S′1 T ′2 ⎞⎟⎠ differs from ⎛⎜⎝ Q′2 R′2S′2 T ′2 ⎞⎟⎠
by multiplication of elements in G. Thus, there is a one-to-
one correspondence between CG/R and Sp(2k,Z2).
Therefore, CG/R captures the behavior of stabilizer cir-
cuits on S(G). The circuit representation of Eq. (5) is called
the generalized stabilizer form (GSF) of a stabilizer subspace
throughout the paper. It will be used as the starting point of
the discussion in the rest of the paper.
III. MEASUREMENTS OF PAULI OPERATORS
A. Measurement of an arbitrary single Pauli operator
We consider the measurement of an arbitrary Hermitian
Pauli operator ±iτabXaZb on N qubits, where a, b ∈ ZN2 .
FIG. 1. The measurement circuit for iτabXaZb, where ∣Ωab⟩ is an
ancilla state of two blocks of N qubits. After two steps of transver-
sal CNOT gates, the first and second blocks of ancillas are bitwise
measured in the X and Z bases, respectively.
The measurement of iτabXaZb can be realized by the cir-
cuit in Fig. 1 with two blocks of ancilla qubits, each contain-
ing N qubits. The 2N -qubit ancilla is prepared in the special
state:
∣Ωab⟩ = 1√
2
(I2N + iτabXa ⊗Zb) ∣0⟩⊗N ⊗ ∣+⟩⊗N . (6)
It is easy to see that it is a stabilizer state and thus, it can be
prepared by a Clifford circuit.
Now we prove the functionality of the circuit in Fig. 1.
We start with the joint state ∣ψ⟩∣Ωab⟩. After two transversal
CNOTs, the state becomes
1√
2
(∣ψ⟩∣0⟩⊗N ∣+⟩⊗N + iτabXaZb∣ψ⟩Xa∣0⟩⊗NZb∣+⟩⊗N) .
(7)
Let the measurement outcome of the jth qubit in the first and
second blocks be vxj and v
z
j ∈ {0,1}, respectively. Then the
joint output state is:
41√
2
∣ψ⟩ N⊗
j=1(I + (−1)v
x
jX
2
∣0⟩) N⊗
j=1(I + (−1)v
z
jZ
2
∣+⟩) + 1√
2
iτabXaZb∣ψ⟩ N⊗
j=1(I + (−1)v
x
jX
2
Xaj ∣0⟩) N⊗
j=1(I + (−1)v
z
jZ
2
Zbj ∣+⟩)
= 1√
2
⎛⎝I + ∏l∈supp(a)(−1)vxl ∏l∈supp(b)(−1)vzl iτabXaZb⎞⎠ ∣ψ⟩
N⊗
j=1(I + (−1)v
x
jX
2
∣0⟩) N⊗
j=1(I + (−1)v
z
jZ
2
∣+⟩) ,
(8)
which is the state after the measurement of
iτabXaZb on ∣ψ⟩ with measurement outcome∏l∈supp(a)(−1)vxl ∏l∈supp(b)(−1)vzl . Thus the circuit works
as we claimed. This Pauli measurement is especially
useful when one wants to measure several Pauli operators
simultaneously, as we will see in the next subsection.
B. Simultaneous measurement of multiple Pauli operators
One may wish to measure several Pauli operators simulta-
neously. For a set of non-commuting operators this is not pos-
sible, since measuring these operator in different time orders
may lead to different final states even with the same measure-
ment outcomes. However, if the set of Pauli operators com-
mutes, this can be easily done by the circuit in Fig. 1. In this
paper, we restrict ourselves to a commuting set of d ≤ N Pauli
operators. Suppose the set of commuting Pauli operators to be
measured is
{Xe1Zf1 , . . . ,XedZfd}.
It is easy to see that one can measure these operators simulta-
neously by replacing ∣Ωab⟩ in Fig. 1 with the following stabi-
lizer state:
∣ΩEF⟩ = 1√
2d
d∏
j=1 (I2N + iτej fjXej ⊗Zfj) ∣0⟩⊗N ⊗ ∣+⟩⊗N .
(9)∣ΩEF⟩ is also a stabilizer state and can be prepared by a Clif-
ford circuit.
It is also useful to check how GSF changes after a simul-
taneous measurement of multiple Pauli operators. Here, we
consider the special case when d = N −k, the number of inde-
pendent stabilizer generators of G. Then one has the following
statement from the theory of the stabilizer formalism:
Lemma 1. Consider a circuit with GSF of the form Eq. (5)
and a set of N − k (independent) commuting Pauli operators:
(E∣F ) = ⎛⎝ e1 f1⋮ ⋮eN−k fN−k ⎞⎠ .
If the following conditions are satisfied:
1. (E∣F )JN(E∣F )t = 0N−k;
2. (A∣B)JN(E∣F )t = IN−k;
3. (Q′∣R′)JN(E∣F )t = 0;
4. (S′∣T ′)JN(E∣F )t = 0;
then the GSF of the circuit after the simultaneous measure-
ments of (E∣F ) becomes
⎛⎜⎝
Q′ R′
S′ T ′
E F
⎞⎟⎠ .
The first two conditions state that (E∣F ) is a symplectic
partner of stabilizer generators (A∣B), while the third and
forth imply that (E∣F ) is orthogonal to the logical operators.
Note that the measurement outcomes are encoded in the over-
all phases and hence are not explicitly shown in this discus-
sion.
IV. CLIFFORD CIRCUITS VIA A CONSTANT NUMBER
OF MEASUREMENT STEPS
In this section, we consider Clifford circuits consisting of
n qubits. We provide a constructive proof to show that by in-
troducing n extra auxiliary qubits, an arbitrary Clifford circuit
can be implemented via a constant number of Pauli operator
measurements, up to a permutation of qubits.
For clarity, we label the original n data qubits as
Q1, . . . ,Qn, and the auxiliary qubits as A1, . . . ,An. Now
we have a total of N = 2n qubits in the order{A1, . . . ,An,Q1, . . . ,Qn}. Suppose that we want to im-
plement a Clifford circuit ⎛⎝ C1 C2C3 C4
⎞⎠ on Q1, . . . ,Qn. As in
Sec. II B, the GSF with n stabilizer generators (corresponding
to the auxiliary qubits) can be written in the form of Eq. (5). If
the initial state of the auxiliary qubits is ∣+⟩⊗n or ∣0⟩⊗n, then
we start with the GSF of the idle circuit:
I = ⎛⎜⎝
0n In 0n 0n
0n 0n 0n In
In 0n 0n 0n
⎞⎟⎠ or
⎛⎜⎝
0n In 0n 0n
0n 0n 0n In
0n 0n In 0n
⎞⎟⎠ , (10)
and end up with
C = ⎛⎜⎝
0n C1 0n C2
0n C3 0n C4
In 0n 0n 0n
⎞⎟⎠ or
⎛⎜⎝
0n C1 0n C2
0n C3 0n C4
0n 0n In 0n
⎞⎟⎠ . (11)
The goal is to find a sequence of Pauli measurements that
transforms the initial circuits in Eq. (10) into the circuits in
Eq. (11). Equivalently, one can start with Eq. (11) and reduce
the matrix to the initial circuits through Pauli measurements.
A. 9-stage Clifford circuit decomposition
To find a sequence of Pauli measurements that implement a
Clifford circuit, the first step is to decompose the Clifford cir-
5cuit into simple stages, each of which only contains a single
type of Clifford gates. It is known that any Clifford circuit has
an equivalent circuit that contains an 11-stage computation as
-H-C-P-C-P-C-H-P-C-P-C- [24]. Recently it was shown that
a further reduction to a 9-stage computation -C-P-C-P-H-P-C-
P-C- is possible [25]. We will consider the 9-stage decompo-
sition in the following discussion. More specifically, one has
the following result:
Theorem 1 (Bruhat decomposition [25]). Any symplectic ma-
trix M of dimension 2n × 2n can be decomposed as
M =M (1)C M (1)P M (2)C M (2)P M (1)H ⋅
M
(3)
P (piM (3)C pi−1)M (4)P (piM (4)C pi−1)pi. (12)
Here, M (j)C are -C- stage matrices containing only CNOT
gates C(q, r) such that q < r; M (j)P and M (j)H represent ma-
trices of -P- and -H- stages; pi is a permutation matrix.
Compared to the 11-stage decomposition, the 9-stage de-
composition has fewer stages, and it only requires CNOTs
such that the index of the control qubit is less than the in-
dex of the target qubit. Recall that a symplectic matrix can be
expressed as in Eq. (3). The corresponding symplectic matrix
of a -C- stage with such CNOTs can be written as
MC = ⎛⎝ U 0n0n (U t)−1 ⎞⎠ , (13)
where U is an invertible n × n upper triangular matrix. As an
example, a circuit of two consecutive CNOT gates is shown in
Fig. 2 and its symplectic matrix is
⎛⎜⎜⎜⎜⎜⎜⎝
1 1 0 0 0 0
0 1 1 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 1 0
0 0 0 1 1 1
⎞⎟⎟⎟⎟⎟⎟⎠
.
There are approximately n2/2 different such CNOT cir-
FIG. 2. Two consecutive CNOTs gates.
cuits [25]. As we will see soon, this property is particularly
useful when one tries to implement -C- stages via Pauli mea-
surements.
For a -P- stage, since P4 = I2, effectively there are three
single-qubit gates: P, P2 = Z and P3 = P† = PZ. Note that we
will postpone all the Z gates to the final stage, and thus the
-P- layer consists of at most n individual Phase gates. Hence,
the symplectic matrix of a -P- stage is in general of the form:
MP = ( In Λ0n In ) , (14)
where Λ is a diagonal matrix.
Similar to the -P- stage, since H2 = I2, an -H- stage contains
at most n individual H gates. The symplectic matrix of an
-H- stage on an arbitrary set of m qubits can be written as
MH = pi′MHmpi′−1, where
MHm = ⎛⎜⎜⎝
0 0 Im 0
0 In−m 0 0
Im 0 0 0
0 0 0 In−m
⎞⎟⎟⎠ , (15)
represents the Hadamard gates acting on Q1, . . . ,Qm and pi
′
is some permutation matrix.
B. The -P- stage
As discussed above, a -P- stage only contains at most a sin-
gle Phase gate acting on each qubit, and thus we discuss the
effect of a single-qubit Phase gate on data qubit Qj . For m
Phase gates acting on a subset of m qubits, such a procedure
can be done simultaneously by Pauli measurements.
Consider a pair of qubits {Aj ,Qj} with Aj in ∣0⟩ state. The
GSF of the idle circuit is:
⎛⎜⎝
0 1 0 0
0 0 0 1
0 0 1 0
⎞⎟⎠ ,
where the first and second columns correspond to Aj and Qj ,
respectively; the first two rows are the logical operators cor-
responding to Qj and the third row represents the stabilizer
generator corresponding to Aj .
First, add the stabilizer row to both logical operator rows
(which will give an equivalent GSF of the circuit), and mea-
sure operator (1 1 ∣ 0 1) or XAjYQj . One obtains
⎛⎜⎝
0 1 1 0
0 0 1 1
1 1 0 1
⎞⎟⎠ ,
which is equivalent to
⎛⎜⎝
1 0 1 1
0 0 1 1
1 1 0 1
⎞⎟⎠
by adding the stabilizer row to the first logical operator row.
Next do the Pauli measurement (0 0 ∣ 0 1) or ZQj . One gets
⎛⎜⎝
1 0 1 0
0 0 1 0
0 0 0 1
⎞⎟⎠ .
After swapping Aj and Qj , the overall effect is a Phase gate
on Qj up to a Pauli correction depending on the measurement
outcomes. The swap does not need to be done physically.
Instead, one can just keep a record of it in software.
For the case of m Phase gates, since {XAjYQj ∣1 ≤ j ≤ n}
and {ZQj ∣ 1 ≤ j ≤ n} are commuting operator sets and the
6measurements of {ZQj} can be directly applied, it requires
only two steps of Pauli measurement and one 4n-qubit ancilla
state for a -P- stage. If Phase gates are applied to a setM of
qubits, then the required ancilla state is
∣ΩPM ⟩ = 1√
2∣M ∣ ∏j∈M (I2N + i (XjXj+n)⊗Zj+n) ∣0⟩⊗2n⊗∣+⟩⊗2n.
(16)
This state can be obtained by projecting ∣0⟩⊗2n ⊗ ∣+⟩⊗2n to
the joint +1 eigenspace of {XjXj+n ⊗ Zj+n ∣ j ∈M }. Thus,
it is stabilized by {ZjZj+n ⊗ I2n, Zj+n ⊗ Xj+n,XjXj+n ⊗
Zj+n ∣ j ∈M }, which is a CSS state up to Hadamard gates on
qubits {j + n, j ∈M } in the second ancilla block.
C. The -H-stage
Like the -P- stage, we consider only a single H on a data
qubit. For a pair of qubits {Aj ,Qj} with Aj in ∣0⟩ state, the
idle circuit is
⎛⎜⎝
0 1 0 0
0 0 0 1
0 0 1 0
⎞⎟⎠ .
Adding the stabilizer row to the first row of the logical opera-
tor and then measuring (1 0 ∣ 0 1) or XAjZQj , one obtains
⎛⎜⎝
0 1 1 0
0 0 0 1
1 0 0 1
⎞⎟⎠ .
Adding the stabilizer row to the second row of the logical op-
erator and measuring (0 1 ∣ 0 0) or XQj , one gets
⎛⎜⎝
0 1 1 0
1 0 0 0
0 1 0 0
⎞⎟⎠ ,
which is equivalent to
⎛⎜⎝
0 0 1 0
1 0 0 0
0 1 0 0
⎞⎟⎠ .
After swapping Aj and Qj , the overall effect is a Hadamard
gate on Qj with Aj in ∣+⟩ up to a Pauli correction depending
on the measurement outcomes. (Again, this swap just needs
to be recorded in software.)
Since {XAjZQj ∣ 1 ≤ j ≤ n} and {XQj ∣ 1 ≤ j ≤ n} are
both commuting sets, we need just two steps of Pauli mea-
surements and one 4n-qubit ancilla state for an -H- stage. If
Hadamard gates are applied to a setM of qubits, the required
ancilla state is
∣ΩHM ⟩ = 1√
2∣M ∣ ∏j∈M (I2N +Xj ⊗Zj+n) ∣0⟩⊗2n ⊗ ∣+⟩⊗2n.
(17)
It is easy to recognize that it is the same state one obtains
after projecting ∣0⟩⊗2n ⊗ ∣+⟩⊗2n to the joint +1 eigenspace of{Xj⊗Zj+n ∣ j ∈M }. Thus, it is a CSS state (up to Hadamard
gates) stabilized by {Xj ⊗Zj+n, Zj ⊗Xj+n ∣ j ∈M }.
D. The -C- stage
The set of measurement operators for a -C- stage is more
complicated to find. We first introduce the following lemma
that will be used later.
Lemma 2. Let L1 be an n × n lower triangular matrix with
the diagonal elements being zeros. Suppose
L = (In L1).
Then there exists a full-rank matrix L′ = (L2 L3), where L2
and L3 are two n×n lower triangular matrices, such that the
rows of L′ are linear combinations of rows of L and
L′ ( In
In
) = L2 +L3 = In. (18)
Proof. Let l′j denote the jth row vector of L′ and cp be the pth
column vector of (In In)t. Equation (18) is equivalent to
l′jcp = δjp, 1 ≤ j, p ≤ n, (19)
where δ is the Kroneker delta function.
Let lj denote the jth row vector of L. Obviously, l1 =(1,0, . . . ,0), satisfying l1cp = δ1p. Let l′1 = l1.
It is easy to see that ljcp = 0 for p > j, since L1 is a lower
triangular matrix. With all the diagonal elements of L1 be-
ing 0, one has
ljcj = 1. (20)
Define the set Ij = {p ∣ ljcp = 1, p < j}. For j = 2, . . . , n, let
l′j = lj + ∑
p∈Ij l
′
p. (21)
We also define a matrix L′(j) that contains the rows l′1, . . . , l′j :
L′(j) = ⎛⎜⎝
l′1⋮
l′j
⎞⎟⎠ .
Since L1 is lower triangular, and the summation of lp in
Eq. (21) only counts the terms with p < j, L′(j) can be written
as
L′(j) = (L(j)2 L(j)3 ) ,
where L(j)2 and L(j)3 are also lower triangular matrices. Even-
tually, we have L2 = L(n)2 and L3 = L(n)3 .
It remains to prove Eq. (19). We prove this by induction.
For j = 2, if l2c1 = 1, one has l′2 = l2 + l1. Thus l′2c1 = 0
and l′2c2 = 1, since l1c1 = 1 and l1c2 = 0. Also, l′2cp = 0 for
p > 2 since L′(2)2 and L′(2)3 are lower triangular matrices. So
l′2cp = δ2p holds for 1 ≤ p ≤ n.
Now assume l′1cp = δ1p, . . . , l′jcp = δjp holds. Then
l′j+1cq = lj+1cq + ∑
p∈Ij+1 l
′
pcq.
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∑
p∈Ij+1 l
′
pcq = ∑
p∈Ij+1 δpq = 1.
Then l′j+1cq = 0. If lj+1cq = 0, then q ∉ Ij+1 and∑p∈Ij+1 l′pcq = 0. Again, l′j+1cq = 0. When q = j + 1,
l′j+1cj+1 = lj+1cj+1 = 1 by Eq. (20). For q > j + 1, since
L
(j+1)
2 and L
(j+1)
3 are both lower triangular, l
′
j+1cq = 0. Thus,
l′jcp = δjp holds for 1 ≤ j, p ≤ n.
Now we are ready to show that any -C- stage containing
C(j, l) on Q1, . . . ,Qn with j < l can be implemented by a
constant number of Pauli measurements. Unlike the case of
-P- stage or -H- stage, we start from the GSF of an arbitrary
-C- circuit with A1, . . . ,An in ∣+⟩⊗n state:
⎛⎜⎝
0n U 0n 0n
0n 0 0n (U t)−1
In 0n 0n 0n
⎞⎟⎠ , (22)
and try to reduce it to the idle circuit. Meanwhile, we will
provide the reverse operations that will effectively implement
the target CNOT circuit.
As mentioned before, U is some invertible upper triangular
matrix. The GSF is then equivalent to
⎛⎜⎝
U + In U 0n 0n
0n 0n 0n (U t)−1
In 0n 0n 0n
⎞⎟⎠ (23)
since all the nonzero row vectors of (U + In 0n ∣ 0n 0n) can
be generated by (In 0n ∣ 0n 0n) and we then add these vec-
tors to the first row.
SinceU is of full rank, the diagonal elements ofU+In must
be all zeros. Observe that (0n 0n ∣ In (U t)−1 + In) com-
mutes with the logical operators and is a symplectic partner
of the stabilizer generators. This can be checked by verifying
that
(In (U t)−1 + In) (U + In U)t = 0n,
and
(In 0n ∣ 0n 0n)J2n (0n 0n ∣ In (U t)−1 + In)t = I2n.
According to Lemma 1, one can measure n commuting Pauli
operators (0n 0n ∣ In (U t)−1 + In) simultaneously. The
GSF will then be transformed into
⎛⎜⎝
U + In U 0n 0n
0n 0n 0n (U t)−1
0n 0n In (U t)−1 + In
⎞⎟⎠ . (24)
(Meanwhile, we can perform the Pauli measurements(In 0n ∣ 0n 0n) to reverse the process (from Eq. (24) to
Eq. (23)).)
Now, adding the third row of Eq. (24) to the second row,
one can obtain an equivalent GSF
⎛⎜⎝
U + In U 0n 0n
0n 0n In In
0n 0n In (U t)−1 + In
⎞⎟⎠ . (25)
Let L = (In L1), where L1 = (U t)−1 + In is a lower tri-
angular matrix with all the diagonal elements being 0. By
Lemma 2, the GSF can be equivalently transformed into
⎛⎜⎝
U + In U 0n 0n
0n 0n In In
0n 0n L2 L3
⎞⎟⎠ , (26)
where (L2 L3)(In In)t = In. By Lemma 1 again, one can
measure a set of n Pauli operators (In In∣ 0n 0n) simultane-
ously and transform the GSF into
⎛⎜⎝
U + In U 0n 0n
0n 0n In In
In In 0n 0n
⎞⎟⎠ . (27)
Meanwhile, measuring (0n 0n ∣ L2 L3) will transfer the
GSF of Eq. (27) into Eq. (26). Note that the mea-
surement of (0n 0n ∣ L2 L3) is equivalent to measuring(0n 0n ∣ In (U t)−1 + In).
Now, since the stabilizer generators in Eq. (27)
are of the form (In In ∣ 0n 0n), one can add(U + In U + In ∣ 0n 0n) to the first row of Eq. (27),
which equivalently reduces the GSF to:
⎛⎜⎝
0n In 0n 0n
0n 0n In In
In In 0n 0n
⎞⎟⎠ . (28)
The final step is to eliminate the left-most In in the sec-
ond row of Eq. (28). This can be done by measuring(0n 0n ∣ In 0n) and adding the third row to the second. This
will then transform the GSF into the second matrix in Eq. (10):
⎛⎜⎝
0n In 0n 0n
0n 0n 0n In
0n 0n In 0n
⎞⎟⎠ , (29)
Meanwhile, one can measure the set of n Pauli operators(In In ∣ 0n 0n) to transform Eq. (29) to Eq. (28).
To reverse the whole procedure above and start from
Eq. (29), we initially set A1, . . . ,An to ∣0⟩⊗n and perform the
following three sets of Pauli measurements simultaneously:
1. (In In ∣ 0n 0n) ,
2. (0n 0n ∣ In (U t)−1 + In) ,
3. (In 0n ∣ 0n 0n) . (30)
The non-trivial measurements 1 and 2 need two 2n-qubit CSS
ancilla states (see Eq. (9)), which are
∣ΩC1⟩ = 1√
2n
n∏
j=1 (I +XjXj+n) ∣0⟩⊗2n (31)
8and
∣ΩC2⟩ = 1√
2n
n∏
j=1 (I +Zuj) ∣+⟩⊗2n, (32)
where uj is the jth row of (In (U t)−1 + In). The first ancilla
is actually an n-fold tensor product of Bell states. The second
ancilla is the key resource state in our procedure to reduce the
depth of -C- stage computation. Both of them are 2n-qubit
CSS states. The third step is a trivial bitwise measurement
on A1, . . . ,An in the X basis and can be directly done with-
out additional ancillas. The net effect is the desired -C- stage
computation acting on Q1, . . . ,Qn, and the auxiliary qubits
A1, . . . ,An are reset to ∣+⟩⊗n (up to Z corrections). One can
transfer A1, . . . ,An back into ∣0⟩⊗n or just keep them and start
with ∣+⟩⊗n for the next stage. The procedure with A1, . . . ,An
initially in ∣+⟩⊗n state for -C- stage is similar. As a conclusion,
one has the following theorem:
Theorem 2. For a set of 2n qubits A1, . . . ,An,Q1, . . . ,Qn,
where A1, . . . ,An are initially in state ∣0⟩⊗n or ∣+⟩⊗n, any -C-
stage circuit containing only C(j, l) with j < l on Q1, . . . ,Qn
can be realized via three steps of Pauli measurements on these
2n qubits using two 2n-qubit CSS states.
Note that the procedure to construct -C- stages via Pauli
measurements in Theorem 2 also works with additional per-
mutations on qubits {Q1, . . . ,Qn}. Thus, -C- stages with
symplectic matrices of the form piMCpi−1 can also be com-
puted using only three steps of measurements.
To implement an arbitrary Clifford circuit in the form of
Eq. (12), one needs four -P- stages, four -C- stages, one -H-
stage, and permutations of qubits (which can be done in soft-
ware by keeping records). Overall, it requires five 4n-qubit
ancilla states of the form (9) and eight 2n-qubit CSS states.
Crucially, the ancilla states are all equivalent to CSS states
up to single-qubit Clifford gate operations. This gives us the
main result of the paper:
Theorem 3. Any Clifford circuit on n qubits can be imple-
mented up to a qubit permutation by 22 steps of Pauli mea-
surements, by introducing n auxiliary qubits and preparing
five 4n-qubit stabilizer states and eight 2n-qubit stabilizer
state.
Like gate teleporation [15], this theorem implies that the
gate complexity of the circuit is now completely dominated
by the preparation of these CSS states. These resource states
can be prepared using a stabilizer circuit of O(n2) gates with
depth O(n). On the other hand, note that these CSS states
are equivalent to two-colorable graph states up to local Clif-
ford operations. Thus, they can be approximated as non-
degenerate ground states of two-body Hamiltonians [30, 31].
This fact may help to prepare these CSS states in an adiabatic
manner.
Note that the total number of qubits used increases by a
factor of five. The protocol can save the real computation time
of stabilizer circuits by off-line preparation of CSS states.
V. FAULT-TOLERANT ANCILLA STATES PREPARATION
Quantum states are vulnerable to noise, which is the main
obstacle to building large-scale quantum computers. The solu-
tion requires encoding the quantum state into some quantum
error correcting code and performing fault-tolerant quantum
computation; see [32] for details.
The Pauli measurement circuit in Fig. 1 is naturally com-
patible with Steane syndrome extraction when 2n qubits
A1, . . . ,An,Q1, . . .Qn are encoded in an [[n′, k ≥ 2n, d]]
CSS codeQ, while 4n additional qubits are also encoded into
two blocks of the same code Q. That is to say, the syndrome
measurements and Pauli measurements can be done simulta-
neously through the circuit in Fig. 1 at the logical level.
The ancilla states required in this paper, (16), (17), (31)
and (32), are all CSS states up to single-qubit Clifford op-
erations. Fortunately, when encoded in Q, these states can all
be distilled fault-tolerantly using a structure based on classi-
cal error-correcting codes, with a constant overhead for the
purpose of FTQC [22]. In such a scenario, one can fault-
tolerantly compute Clifford circuits in O(1) steps. In addi-
tion, the complexity of state preparation here is at the physical
level rather than the logical level. Thus our method of Clif-
ford circuit computation can have a speedup up by a factor of
up to O(d) compared to implementing the circuits directly on
the data block in a code deformation manner.
VI. DISCUSSION AND CONCLUSIONS
In this paper, we proposed a method to compute Clifford
circuits by a constant number of steps of Pauli measurement,
which is suitable for Steane syndrome measurements. Conse-
quently, the depth of the circuit is reduced toO(1). It requires
n auxiliary qubits and preparation of five 4n-qubit and eight
2n-qubit CSS states.
The gate complexity is then completely transferred into the
off-line preparation of these CSS states. The overall gate
complexity, including the ancilla preparation, is O(n2) with
a depth of O(n). It seems initially at least as difficult as
the direct implementation. However, preparing these known
states is much simpler than implementing gate operations on
unknown states. At the physical level, these states can be pre-
pared via a gap-protected adiabatical process. When encoding
in CSS codes, they can be prepared by distillation and posts-
election, with a constant overhead in practice, which is espe-
cially interesting in the scenario of FTQC using multi-qubit
CSS codes [20]. There, in general, one cannot find a fault-
tolerant way to directly implement gates on logical qubits for
a given multi-qubit CSS codes. By contrast, measurements
of logical Pauli operators are very easy for any CSS codes
by fault-tolerantly preparing logical CSS states (up to single-
qubit Clifford operation) with only constant resource over-
head [21, 22].
The method of this paper implies that the number of differ-
ent encoded ancilla states can be reduced from O(n2/ logn)
to O(1) for a given Clifford circuit, which can greatly sim-
plify the fault-tolerant preparation procedure through high
throughput distillation, if the number of Clifford circuits re-
quired is limited. This makes FTQC based on high rate multi-
qubit error correcting codes more promising.
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